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This paper reports a study into the performance of currency-hedged
portfolios constructed using mean-variance optimization methods. The method
isto carry out optimization relative to a benchmark portfolio, which consists of
the real assets, and simultaneously to determine the optimal exposures to each
currency future. Thisisdone at various|evels of risk along the efficient frontier.
A study into a portfolio of international stock and bond indices viewed from a
US Dollar perspective indicates that, for the period studied, optimal currency
hedging has the potentia to add value in terms of additional expected return
and excess return on a risk-adjusted basis. The results also demonstrate the
superiority of strategies in which the hedge ratio is optimally determined over
those with afixed hedgeratio (JEL G11).
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. Introduction

International investment offersthe prospect of improved diversification,
even though investors are exposed to exchange rate risk. It is well
known that hedging the currency risk can lead to improved portfolio
performance as well as removing most if not all of the exchange rate
risk. There have been numerous studies of the impact of hedging
currency risk, particularly within the framework of mean-variance
portfolio selection. Examples of some of the investigations into the

*This study uses data and forecasts provided by Dupont Capital Management. Their
permission to use this information and the assistance provided by Paul Bosse and Mark
Swankoski is gratefully acknowledged.

(Multinational Finance Journal, 2003, val. 7, no. 1& 2, pp. 83-106)
©Multinational Finance Society, a nonprofit corporation. All rights reserved.



84 Multinational Finance Journal

benefitsof hedginginclude papersby Eun and Resnick (1988) Glenand
Jorion (1993) and De Roon, Nijman and Werker (2001a, b).

The objective of this paper isto report an investigation into the use
of mean-variance methodsto construct optimal portfoliosconsisting of
both real assets and the currency futures used to hedge exchange rate
risk. The method isto carry out optimization relative to a benchmark
portfolio, which consists of the rea assets, and simultaneously to
determine the optimal exposuresto each currency future. Thisisdone
at variouslevelsof risk alongtheefficient frontier. The paper reportsthe
performanceof several optimally hedged internationd portfolios, viewed
from the perspective of a US based investor. The real assetsincluded
intheportfolio arestock and bondindiceson 14 international marketsas
well astheUS. Theresultsreportedinthisstudy are based on portfolio
optimizationsthat assumerealistic constraintson holdings. Thisisdone
bothto generateresultsthat may beof practical useandinkeepingwith
the view, see for example Frost & Savarino (1988), that the use of
suitableconstraintswill improve portfolio performance. The paper also
reports an extension to the efficient set mathematics of hedged
portfolios, whichissimilar to aresult of De Roon, Nijman and Werker
(2001a). These both servethe purposeof providing someinsightsinto
the likely effects of currency hedging on the portfolio.

Theresults of this paper suggest that optimal currency hedging has
thepotentia to add valueintermsof both additional expected returnand
excessreturnonarisk-adjusted basis. Theresultsalsodemonstratethe
superiority of strategiesinwhichthehedgeratioisoptimally determined.
However, it should be noted that the results described in the paper are
aconsequence of the inputs. As Michaud (1998, page 62) notes, good
forecasts are an essential pre-requisite to subsequent good portfolio
performance.

The structure of the paper is as follows. Section Il describes the
mai n assumptions made, notation used and summarisesthekey formulae
that areused. Section |11 describesefficient set mathematicsfor hedged
portfolios. This is supported by a technical appendix. Section 1V
summarises the portfolio construction objectives used in the study.
Section V describesthe performanceof portfoliosbuilt usinganumber
of strategies designed to investigate the effect of currency hedging.
Section VI concludes. Notation is that in common use.
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I'l. Notation and Portfolio Selection M ethod

A universeof N, real assetsand N currenciesisconsidered. Normally
Ncislessthan Ng, but for easeof expositionitisassumedinthissection
that they are the same and both equal to N. The unhedged return onan
overseas investment is written as:

Re= R+ Reo + R R

where R isthe local market return and Ry is the spot return on the
currency. The return on a futures position in the currency is
approximated in the usual way by:

Re=Rg+ (IR -1Rg) =Re: + R,

say where IR,_and IR; arethe interest rates prevailing in thelocal and
home markets, respectively and R istheinterest ratedifferential. For a
given hedgeratio h, the hedged return on the combined position may be
written as:*

Ry = Re—hRe.

Theconventional approach to the construction of the optimal hedge,
seefor example Solnik (1999, p. 489), ratioisto minimisethevariance
of R,. Inthis case, the optimal hedgeratiois:

o= COV[R:R]
VAR[R.]

That is, the hedgeratio that minimisesthevariance of hedged returns
is the beta of unhedged returns with respect to the currency futures
return. This idea may be taken as a means of motivating the use of
mean-variance optimization for the construction of optimally hedged
portfolios.

Using theabove notation with theaddition of an subscript i to denote
asset i, the return on a hedged portfoliois:

1. This treatment is equivalent to assuming that the initial investment is hedged. This
differs dlightly from the treatment in Eun and Resnick (1988) who assume that the expected
wesdlth at the end of the holding period is hedged.
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N N
R = ZWR,iRR,i + ZWC,iRC,i'
1= | =

where {wg;} are the weights on the real assets and {w;} are the
weights on the currencies. The {Ry;} are unhedged returns and the
{R:;} arethereturnsfrom the currency positions. Thisexpression is
non-linear inthe underlying assetsthrough itsfunctional dependenceon
the product terms R_;R;.

Thevectorsof expected returnscorresponding tothe{R_;}, { R}
and {R ;} are written as Y, U and p, respectively and the variance-
covariance(VC) matrix is:

Vi Voo W S
S/CL Vee Vap=V-
B Ve ViH

Element (i,j) of a sub-matrix V,, is denoted V, . The two sets of
weights {wg;} and {w.;} are denoted by the vectors w; and w,
respectively. Inthis notation, expected portfolio return is:

E[R]=w[y+p +uc +3] +wd s +4]

where y is the vector of covariances between asset i and currency i:
y={vég .

and ¢ isthevector containing the product of the corresponding expected
returns:?

0={H Mc}-

The exact variance of portfolio return is more complex. However,
following Eun and Resnick(1988), for practical purposes portfolio
variance is well approximated by:

2. This result is standard and only requires that the corresponding moments of the
underlying distribution exist.
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VIR] =wW'KTVKw,
where:

gl 0

N
_0 '
K=g! |

|

@N,N

and where | isan N by N unit matrix and Oy isan N by N matrix of
zeros. The above formulafor mean and variance are devel opments of
those in Rustem (1997), who is concerned with the return on an
unhedged portfolio, that is aportfolio based only on the { Ry} inthe
current notation. These expressions require no assumptions about the
underlying probability distribution of returns on both assets and
currencies, except that theindividual expectationsand covariancesinthe
formulae above must all exist.

When existence is assumed, both E[R] and V[R] may be
consistently estimated inanumber of ways. Itisthen possibleto perform
mean-variance portfolio selection. However, the non-linearity in the
definition above meansthat the hedged portfolio return R, may not have
anormal distribution, even when the underlying assets and currency
returnsthemselvesare normal. Briefly, it may be noted that R, may be
written as an quadratic form in normal variables, see, for example,
Johnson and Kotz (1970, chapter 29) for details. The probability
distribution has a density function that is too complicated for exact
computation. However, in the underlying normal case, the exact
momentsof R, may beextracted from the moment generating function.
Detailed investigation of thisissue is beyond the scope of this paper.?

A more serious concern is that the probability distributions of the
underlying assetsare not normal. Thediagnosticsreported in section 4
confirm the presence of both skewness and kurtosis. Following
Chamberlain (1983) and Ingersoll (1987, chapter 4), theview takenin
this paper is that kurtosis per se does not invalidate the use of mean-
varianceportfolio selection aslong as (@) returnscanbemodelled using
amember of thedlliptically symmetric classof distributionsand (b) the
relevant variance exists.* There is ample empirical evidence that

N

O
0, - O
7" e

3. A technical appendix which describes the extraction of the moments is available on
request.

4. Thisis not a demanding requirement as long as the investor is prepared to use the
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supportsboth these points. Aparicio and Estrada(2001), for example, is
a recent contribution to the literature on the use of Student’s t
distribution, which beganwiththewell-known papersby Praetz (1972)
and Blattberg and Gonedes (1974). Dealing with skewness is more
problematic. In this paper, common practice is followed and it is
assumed that the investor is content to ignore skewness or that the
portfolio will be sufficiently well diversified and that, as a result,
skewnessis negligible.

[11. Efficient Set Mathematics

Efficient set mathematics typically considers the maximisation of the
expected val ueof aquadratic utility function, subject only tothebudget
constraint. For portfolios in which there are currencies, the budget
constraint only appliestothereal assets, ietothe{Ry;}. Theproperties
of the efficient set in the context of portfolios with currency hedging
have been reported in several papers that address mean-variance
spanning. These include Jobson and Korkie (1984), Huberman and
Kandel (1987) and De Roon, Nijman and Werker (2001a, b). The
second and third papers describe the properties of excess return
portfoliosthat are constructed relative to azero-betaportfolio. As De
Roon, Nijman and Werker (2001a) note, the zero beta portfolio is
dependent on the level of risk appetite of the investor as well as the
utility function. In this section, the efficient set mathematics for the
wholeof theefficient frontier aredescribed. Thisismoreappropriatefor
thetask inhandinthispaper, whichisto construct total return portfolios
corresponding to arange of levels of risk appetite.

Thederivation of theefficient setisbased onthe above definition of
portfolio return, the exact expected return and approximate variance.
The two sets of observed returns { Ry;} and {R.;} are denoted by the
vectorsRyand R, respectively. Thecorresponding vectorsof expected
returnsare P and p.® The 2N by 2N variance-covariance matrix isV,
which is written in the standard partitioned form:

symmetry matrix.

5. Note that in this seciton p denotes the expected return on the currency positions.
This differs slightly from the definition in section I1l. However, no confusion should arise.
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V= |j/RR VRCE

ek Veel

The portfolio selection criterion isthe usual mean-variance method of
maximising the quadratic utility function:

6 ER - VARERE.
where 6 > 0 denotes the risk appetite of the investor. To derive the

efficient set portfolio, expected utility maximisationissubject only tothe
budget constraint on the weights { wg;}. The first order conditions are:

ol Ve VedDwg 00 00
el HVew VocHwd " Hol'

where 1 isan N vector of ones and A is the Lagrange multiplier. The
optimal vector of real weightsis the solution to:

B{IUR _VRch_cl/Jc} '{ Ver _VRch_ch}z W —A1 =0.

That is, the weights for real assets are based on (@) the VC matrix of
returnson real assetsobtained by conditioning on the currency returns:

Ver _Vc_éVCR :VR\ o
and (b) the vector of returns:

{/JR ~VecVecHef = QR

Theterm g, isthe generalised Jensen measure, ie theintercept in the
multivariate regression of real returns R; on the currencies R.. The
corresponding vector of currency weightsis:

— -l -1
We = NVee e ~VecVerWs-
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There are several points to note. First, unless the cross covariances
between real assetsand currenciesareall zero, the minimum variance
portfolio aways consistsof acombined positioninboth real assetsand
currencies. Specifically, when 6 = 0, the components of the minimum
variance portfolio are:

__ 1 =
WR,O_WVR\C

R|C

Weo = _Vc_clVCRWR,o.
Second, if:
Ogic = 0,

then the weights for the real assets will always equal those in wg,
regardless of therisk appetite of theinvestor. Thirdly, theweightsfor
the currency component will in general vary with risk appetite.
However, as noted in De Roon, Nijman and Werker (2001a), if the
Jensen measure for the regression of currencies on the real assets:

Qcjr = He ~VerVerir =0

Then the currency weights are aways equal to the currency
component of theminimum variance portfolio regardlessof thedegree
of risk appetite. Parenthetically, it may be noted that use of the
decompositionsof theinverse of the variance-covariance matrix often
has the potential to give insights into portfolio structure — see
Stevens(1998) for example.

In practice, portfolio selection will always be performed subject to
inequality constraints. Thesewill generally apply tothereal assetsinthe
portfolio although, asdescribed in section 4, thereare also likely to be
constraints on the currency exposures too. Depending on the level of
risk appetite, the elements of the expected return vectors and the
elements of the overall VC matrix, the constraints will, as is usual,
change the vector of optimal weights. However, the real weights and
hence the currency weights are determined by Vi, the conditional VC
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matrix.®

In section 4, optimization relative to abenchmark portfolio, which
consists of specified weightsinthereal assetsbut not the currencies, is
considered. At zerorisk appetite, ied =0, theoptimization processwill
produce a portfolio in which the real weights equal those of the
benchmark and there are no currency exposures.

Itisalsouseful to be ableto compareoptimally hedged portfoliosat
agivenlevel of risk #withtheportfoliosthat arisewhen the hedgeratio
isfixed, at h say. Inthe appendix, it is shown that there the variance of
a portfolio with a fixed hedge ratio will be greater [less] than the
corresponding variance of an optimally hedged portfolioif the quantity:

(h_ hO)(h +hy _thv)’

IS positive [negative], where h, is the hedge ratio for the optimally
hedged portfolio at risk 4 and h,,, is the hedge ratio of the optimally
hedged portfolio at risk zero, ie the optimal minimum variance hedge
ratio.

V. Portfolio Design Objectivesand | nput

The objective of this study is to investigate the benefits of optimal
currency hedging. Thisis done using mean variance optimization in
conjunction with portfolio expected return and variance as defined in
section 2. The study is based on 31 real assets and 7 currencies. The
real assets are stock and bond indicesfor 15 non-US markets together
with thereturn onaUS cashinstrument. The aim of theinvestigation
is to examine the effect of two currency hedging strategies.

First, afixed hedgeratio of oneisimposed. Thisisaconstraint onthe
total currency exposure which, in the above notation, is:

6. This interpretation is dependent on the convention adopted for the elements of the
inverse of a partitioned matrix. Specifically, the sub-matrix of V* corresponding to the real
assets is written as V. The other convention, which is to use Vi, for the sub-matrix of V=
corresponding to the currencies, is that used in De Roon, Nijman and Werker (2001a). This
leads to dightly different representations of the portfolio weights, but does not change their
basic properties.
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TABLE 1. Marketsand Currencies

Country Currency
Austrdia A$

Austria Euro

Belgium Euro

Canada C$

Denmark Euro

France Euro

Germany Euro

Italy Euro

Japan Yen
Netherlands Euro

Norway Norwegian Kroner
Sweden Euro
Switzerland Swiss Franc
United Kingdom Pound Sterling
United States uss

N
ch'i =-1.

Under this strategy, the objective of the optimization process is to
determinetheoptimal choiceof currency futurespositionssubject tothe
above restriction. The second strategy is to allow the optimization
processto determinethe currency weightswithout any restrictions, thus
giving atruly optimally hedged portfolio.

Thesetwo strategiesareimplemented by carrying out optimization
relative to a benchmark portfolio. This specifies weights for the real
assets.

The 15 marketsand currenciesareaslisted in Table 1. Inthetables
that follow, stock indices are numbered 1 through 15, bond indices 16
through 30 and currencies are numbered 1 through 7.

Thestock index returnsarederived fromtherelevant M SCI indices.
The bond returnswere derived from JP Morgan ten year bond indices.
Foreign exchange returns and interest rates are from Datastream. The
study isbased on monthly return datafrom February, 1978 to July, 1999.
Unhedged returnson the 30 overseasassetsand returnson thecurrency
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forwardswere computed usingtheformulaein section 2. Thereturnon
the EURO was proxied by using the Deutschemark. Aswell ashistoric
returns, the study usestime seriesof one-month ahead forecast of future
expected returns of real assets and currencies. These cover the same
time period and were generated by anumber of econometric models.’
Thehistoric returnswere used in conjunction with exponential smoothing
to generate a one-month ahead estimate of the overall 38 by 38 VC
matrix of returns. This was updated each month.

The optimization approach used in this paper is the standard
backtesting method.® Each month, the forecast returns and VC matrix
are used as input to the portfolio selection based on mean-variance
optimization. Theex-post returniscomputed usingtheactua returnsfor
the month in question. A time series of portfolio performance is thus
accumulated for analysis. Portfolio simulationsare carried out at several
pointsontheefficient frontier correspondingtoincreasing levelsof risk
appetite.

In order to simulate the effect of optimal currency hedging on a
realistic portfolio construction strategy, several additiona constraint were
imposed. First, real assetswere constrained to bewithin£100% of their
corresponding benchmark weight, ie:

0 < wg; < 2b;

Second, naked currency exposureswerenot allowed. Thatis, aposition
was alowed only for currencies for which there is a holding in the
underlying asset.

Basic statisticsfor historical returnsfor the period February, 1978to
July, 1999 are shown in table 2.

The Durbin-Watson statistics indicates a lack of first order serial
correlation for all assets. The Bera-Jarque test for normality and its
associated p-valueareshowninthelast two columnsof thetable. These
indicate departures from normality 5 out of the 7 currenciesand for 26
out of the 30real assets. Also showninthetableisthe decomposition of
theBera-Jarquetestintoitsskewness and kurtosiscomponentsand their

7. The data and forecasts were provided by Dupont Capital Management. The
forecasting methods are confidential. This does not affect the objectives of this paper,
which isto report the efficacy of various hedging strategies.

8. The portfolio simulations were carried out using software written in S-Plus.
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corresponding p-values. Under the null hypothesis of normality, these
areindependently distributed as Chi-squared variableswith 1 degree of
freedom. Thisdecomposition indicatesthat thereisone currency and
13real assetsthat exhibit skewness. Only 4 assetsand onecurrency fail
to exhibit kurtosis.® Asnoted in section |1, this casts some doubt on the
underlying theoretical model for returns on both real assets and
currencies. Thisissuefallsoutside the scope of this paper andislisted
in the conclusions as atopic for further study.

Table 3 showsbasic statisticsfor forecasts. As might be expected,
theforecasts exhibit strong first order serial correlation. To reducethe
number of columnsin thetable, only the decompositions of the Bera-
Jarque statistic and their corresponding p-val ues are shown. Only one
forecast exhibits skewness, although there is evidence of significant
kurtosisin 17 out of 30 real assetsand 6 out of 7 seven currencies.’® As
noted above, theresults of thesetestscast somedoubt ontheunderlying
assumption of normality.

V. Resaults

Table 4 shows statistics derived from the estimated values of the
generalised Jensen measures agr and agc.These vectors were
consi stently estimated using the corresponding sampl e quantitiesbased
on the whole data set. The table shows the means of each vector and
the mean of the absolute values of each element. Even though these
guantities are numerically small, the F-test due to Gibbons, Ross and
Shanken (1989) indicates that currency hedging will have an effect on
the weights of the real assets and that the weights of the total portfolio
will changewith aninvestor’'srisk appetite. It should be noted that the
F statistics should be interpreted with some caution, see footnote 7 of
Glen and Jorion (1993). However, the p-values associated with the F
ratiosin Table 4 are very small.*!

9. The significance level assumed in the text was 5%. The decomposition gives tests
with low powerm but plays a useful diagnostic role.

10. Currency 5, with ap-value of 0.051 isincluded.

11. The test has been carried out separately for each alpha. As the test statistics are
correlated, this is an approximation, but it analogous to the usual battery of t-tests in
regression.



94
vy
[40<)
9es’
175
651’
TS
LES
99’
e6v’
(774
00S’
175
6vS’
494

Multinational Finance Journal

nivyL

98

vorT
960’
860
ver
0eo’
8TT
9T
9ST”
91T
ocT
9.0
T
¥60°
(0:30)
1213

"10D

e
LEG
90S’
474
795"
S66°
600’
6€0°
L0C
G86°
0co’
98g’
8eL’
j20)
G274

dunylg

€15¢
evo’
.
1GST
eE
000’
06.'9
6SCY
¥65'T
000’
G8E'S
96¢
aar
899'Y
V.S

uny(g

189
e
€8¢’
0se
920’
1224
(G7A
€89’
866
45
896
1259
T0C
9.6’
1%

dmexsig

69T
LEV'T
A
[#42)
[47°34
8ve'T
¥60°
403
000’
ey
[400)
928’
€e9'T
ToO
S6v'¢C

moxslg

LET
(VAN
ST
SIT
(VAN
8ET
T6C
[4A%
aqT’
[#A%
0sT”
LET
121%
65¢’
6T

SMad

00’
L00°
S00°
00’
S00°
S00°
S00°
S00°
S00°
900°
00’
Y00’
S00°
Y00’
S00°

‘IOA

9000
8000
9000
9000
000
L00°0
7000
9000
9000
000
G000
9000
9000
€00°

900°

BAY

O—=dNM<ILW
L B B I B |

A NMIT OO0

‘'ON BssY

SuJnPy 1S3 10 J0jSalsieisoseg '€ 319V.L



99

Portfolio Selection

06s’
889’
59
45}
1ci4
€es’
6€9’
8¢9’
ves
acs’
6LV’
=4
o6y’
453
905’

L0
050
Teo
L00°
850"
€90’
SET
0.0
090
290’
860°
Aclo)
990°
T90°
860°

TOO
6ET
€00
920
1Z4%
S10°
LEO
X0}
010
[410)
ti70)
e
S10°
[410)
010

8E6'TT
98T°¢
€188
8267
180'S
T06'S
[Acion g
0TC'S
1999
€8E9
G66°C
ovo’
ov6'S
STARY)
G659

000°
6T
90€”
124
08T”
169’
169’
299’
918’
689"
€99’
800°
998’
[474)
992"

661°0C
669°T
0T
et
T08T
st
08¢
16T
S0
44
gee”’
qs0°L
8¢0°
S00°
680°

TeT
96¢°
414
ove
a8c
43
S6€°
66Z°
6ve
a8¢
6¢T
60
6TE
Sve
oTe"

[400)
00
€00
€00
€00
00
G00°
€00
00
00
G00°
400}
00"
€00
€00

€00

€000
TO00
2000
2000
2000
000
2000
000
2000
9000
000
2000
2000
€000

(0
6¢
8¢
Lc
9¢
14
e
€c
ac
TC
(074
61
81
LT
91

(PeNuUnUOY) €379Vl



Multinational Finance Journal

100

OISIEIS N'S,[BUYLAYISI NIBUL ‘Peaye poLsd auo suinie

[enige Ylim SiSedslo) Jo UoIiRplIod ayl si JoD Aljiqeqold Yiim ‘1s91 anbler eieg Jo jusuodwiod sisouny ayi st dunylg ‘unlg -Aijigeqold yim ‘s9)
anb.rer elag Jo Jusuodwiod ssaumaxS S| dmaxs(g ‘meys(g -onsimeIs UoseA UIgINg 3y SISAA 'sulnial Ajyiuow Jo A11JITRJOAS] ' OA " [eWI09p Se passaldxe
‘Nl Alyuow ueaw ay1 si ‘BAY '666T AINC 01 8/6T Akeniged Wodj sulniel Ajyiuow siefed ‘T 3|deL Ul paulep Se a.fe Saloua.ind pue siessy  S9I0N

8¢/l
€89’
a8y’
0es’
114
oLy’
[45)

Y10’
oto’
G50’
ver
6v0’
S10)
180°

600’
900°
TS0
910’
[440)
80v
€eo’

1889
G89'L
T08°€
28L'S
652'S
89’

1745

480’
6.¢
Ter
cesg’
ST6°
v’
1594

G996°C
T/TT
oov'e
5140)
10
174
697’

9G¢”
L0V
9T¢”
6TV
vov’
(S74
S6v’

200
€00’
€00°
00’
€00°
T00
€00°

T00
T00
T00
T00
100
T00
200’

AN M WO O~

ON Aduaind

(penunuoD) € 3749Vl



Portfolio Selection 101

TABLE 4. Estimated Generalized Jensen M easures

Mean Mean Absolute Voldtility F-ratio
acgr .004 .004 .002 24.8
GeRr .001 .001 .003 10.3

Note: Assets and currencies are as defined in table 1. Data is monthly returns from
February, 1978 to July, 1999.

Table 5 shows ex-post summary statistics from three sets of
simulations: (1) with no currency hedge, (2) anoverall hedgeratio set to
-1, but withindividual currency weightsdetermined by theoptimization
process and (3) optimal hedging with the currency weights and hedge
ratio determined by the optimizer. Asdescribedin section4, simulations
are carried out at several points of the efficient frontier. All three sets
of simulations indicate that the forecasts used do possess sufficient
signal toalow the construction of acceptable portfolios. Asisusualy the
casewithsuchsimulations, thetracking error of excessreturn measured
relativeto thereturn onthe benchmark portfolioincreaseswithrisk, as
does portfolio turnover.

For sets 1 and 3, the optimal trade-off between excess return and
risk occursat low level sof risk appetite. For set 2, thesimulationswith
afixed hedgeratio, therisk-return trade-off increaseswith risk appetite.
It remains lower than the corresponding levelsfor sets1 and 3and is
also lower than the best levels achieved for these sets. The excess
return of set 2 is superior to that of an unhedged portfolio at the same
level of risk appetite. However, thisis at the expense of an increased
level of tracking error. Onthebasisof thesesimulations, itisreasonable
to conclude that optimal hedging has much to offer over the used of a
fixed hedgeratio. For thisdatathe average value of thehedgeratio for
the minimum variance portfolio is—26.8%. The increased variance of
thefixed hedgeportfolioisconfirmed by theconditionin section 3, which
takesapositivevalue. It should be noted that thesefindingsare contrary
tothosein Eunand Resnick (1988) who explain that ahedged portfolio
should exhibit lower variancethan itsunhedged counterpart. However,
asthey indicate, thisisaconseguence of the covariances between read
assetsand currencies. Thedifferent resultsreported here are attributed
to the changing structure of the overall VC matrix of returns on assets
and currencies.
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TABLE 5. Comparative Ex-post Statisticsfor Portfolio Simulations

Monthly Tracking Annual  Risk-
Portfolio Excess Error of Hedge Ratio Excess  Return
Risk Returns Return Turnover (Set3only) Return  Ratio

Portfolio of real assetsonly

0. 1.1100 .0000 .0000 2.3000 .00 N/A

0.025 1.1730 .0630 1330 6.7400 .76 164.09
0.05 1.2030 .0930 .2230 9.6400 112 144.47
0.1 1.2440 1340 .3650 13.5500 1.62 127.18
0.25 1.3130 .2030 .5950 19.1800 2.46 118.19
0.5 1.3930 .2830 .7820 23.9800 3.45 125.36
1 1.4680 .3580 .9840 27.0700 4.38 126.03

Portfolio with fixed hedge ratio

0 1.2100 .1000 2.2150 4.0000 121 15.64
0.025 1.2170 .1070 2.0580 5.5980 1.29 18.01
0.05 1.2570 1470 2.0680 8.5020 1.78 24.62
0.1 1.3130 .2030 2.1010 13.1060 2.46 33.47
0.25 1.4000 .2890 2.2040 23.3960 3.52 45.42
0.5 1.5340 4240 2.3640 35.9740 521 62.13
1 1.6500 .5400 2.5760 47.2240 6.68 72.62

Portfolio with optimal hedge ratio

0 11100  .0000 .0000 2.3000 -.0000 .00 N/A

0.025 11990 .0890 .1530 8.7000 -.0200 1.07 201.51
0.05 1.2520  .1420 .2680  13.3100 -.0400 172 183.55
0.1 1.3300 .2200 4510  19.9200 -.0800 267 168.98
0.25 14950  .3850 8150  31.7900 -.1600 4.72 163.64
0.5 1.6400  .5300 1.1070 4.1500 -.2100 6.55 165.85
1 1.7360  .6260 1.3410  46.2500 -.2400 7.78 161.71

Note: Data is based on monthly simulations from March, 1981 to July, 1999. Risk is the
level of risk appetite. Monthly portfolio return is actual total return on portfolio in % per
month. Excess return is the actual excess return in % per month, measured as a difference,
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For simulation set 3, the hedgeratiosareasshownintable5. Atrisk
0, asnotedinsection 3, thehedgeratioiszero. It then decreases slowly
with increasing risk, reaching a percentage value of —24% at the
maximum risk level used in the simulations.

When theresults of simulation sets 1 and 3 at the samelevel of risk
arecompared, optimal hedging offershigher excessreturn accompani ed
by anincreasein tracking error. However, thereisalso an increasein
the return-risk ratio. Thisis not as strong a result as the “free lunch”
argument suggested in Pérold and Schulmann(1988) in which hedging
causes areduction in volatility without a commensurate reduction in
expectedreturn Asnoted above, thisisaconsequence of thechanging
structure of the VC matrix.

The three sets of simulations all display portfolio turnover that
increaseswithrisk. Theturnover for both hedging strategiesisbroadly
thesameat eachrisk level. Theeffect of the currency hedge on overall
portfolio turnover may be crudely assessed by subtracting theturnover
column of set 1 from the same column of sets2 and 3. A more detailed
analysis, which is not reported here in the interests of space, suggests
that, overall, the currency hedge decreases the turnover in real assets.
However, as Table 5 shows both hedging strategies cause an overall
increaseinturnover, asubstantial proportion of whichisattributableto
the hedging.

A detailed analysis of the effect of currency hedging on
diversification is also omitted. It iswell known that simulations done
subject only to non-negativity constraints on the weightsof real assets
will produce portfoliosfor which diversification decreasesrapidly with
risk. Inthese simulations, the effect of the restrictionson real assetsis
to preserve most of the diversification even at the highest level s of risk
considered.

VI. Concluding Remarks

Thispaper describesresultsthat indicate benefitsfrom optimal hedging
and, to alesser extent, from hedging with afixed overall hedge ratio.
Viewed comparatively, theresultssuggest that the optimal determination
of the hedge ratio may always be beneficial. However, as noted by
Michaud (1998) and as users of optimization arewell aware, thisdoes
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not detract from the requirementsfor good forecasts. It should also be
noted that these findings depend on the structure of the overall VC
matrix of returns on assets and currencies.

This study has used mean-variance optimization methods. The
empirical evidence reported in section 5 suggests that the presence of
both skewness and kurtosis in the distribution of asset returns and
forecasts. Theeffect of theseon portfolio selection methodsfor hedged
portfoliosisatopic for further work.

Appendix - Efficient Set Mathematics for Portfolios with fixed
Hedge Ratios

When the additional constraint that the currency weights should sum to h is
imposed, the first order conditions are:

UJRD DVRR Vd D Wl DI-D ﬂ%@ 0o
I]ICIZIDCR cc[ﬂ]"\% % E—E

This has a solution, w* say, of the form:
wW* =w+ 3§

where w is the vector of weights obtained for the optimally hedged portfolio in
section 3. The vector  is given by:

Imposing the constraints:

N N
ZWRJ =1 ch,i =h,

givesthe Lagrange multipliers:

, b a(h-
A'=——gp, ¢:(—h§),
a ac-b
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where h, isthe hedge ratio of the optimally hedged portfolio with weightsw and
the constants a, b and ¢ are defined as:

@ bD_E.T 00V, VeeD'D1L @
- Qg .
%3 cg P 1T|:|E/CR VeeO [0 E

These are essentially the quantitiesin Merton (1972) with changesreflecting
the different portfolio objective function used here. In this notation, the hedge
ratio of the optimally hedged minimum variance portfolio is:

hyy = b/a

Note that a, ¢ and (ac — b?) are all non-negative and are generally positive. The
variance of the fixed hedge portfolio, V[w*] say, isrelated to V[w], the variance
of the optimally hedged portfolio at the same level of risk appetite, by the
equation:

a

VEVE=V W] +W Hh-h)(h+h, —2h,, B

Variance therefore increases or decreases depending on the sign of the quantity
in the square brackets.
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