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This paper develops amacro-finance model of theyield curve and usesthis
to explain the behavior of the US Treasury market. Unlike previous
macro-finance model swhich assumeahomoscedastic error processand suppose
that the one-period return is directly observable, | develop a genera affine
model whichrelaxestheseassumptions. My empirical specificationusesasingle
conditioning factor and is thus the macro-finance analogue of the EA;(N)
specification of the mainstream finance literature. This model provides a
decisive regjection of the standard EA,(N) macro-finance specification. The
resulting specification provides aflexible 10-factor explanation of the behavior
of the USyield curve, keying it in to the behavior of the macroeconomy. (JEL:
C13, C32, E30, E44, E52)

|. Introduction

Macro-finance models use both observable macroeconomic and
unobservable latent variables to model the macroeconomy and bond
market, in contrast to the conventional approach which only uses|atent
variables. Like the conventional approach, it describesyields aslinear
functions of these driving variables in a way that removes arbitrage
opportunities. Thisnew approach allowsthe parameters of the model to
beinformed by both macroeconomic andyield data. It generatesmodels
that are easier to interpret and understand since they are based upon
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standard macroeconomic structures. However, the current
macro-finance specification suffers from a number of drawbacks
compared to the conventional one. In particular it assumes that the
volatility structure is constant, while the conventional literature finds
that square root volatility is significant. Also, macro-finance modelers
assume that the interest rate that is relevant for the yield structure can
beidentified and observed without error, whilethe conventional finance
model estimatesthisasalinear combination of thelatent factors. Inthis
paper | develop amodel of the US economy and Treasury bond market
which relaxes these assumptions, bridging the gap between the
macro-finance and conventional models of the term structure.
Sincethese various modelsarelinear in variables, thismeansthat if
there are N underlying driving variables, they can be represented by N
bond yields or macroeconomic variables or both. For example the
conventional ‘yield factor’ approach just useslinear combinations of N
bond yields as factors assuming that these are observed without
measurement error. It has been extensively used for testing affine
specifications (Brown and Schaefer (1994), Duffieand Kan (1996), Dal
and Singleton (2002)). Macro-finance models on the other hand are
based on the ‘central bank model’ (CBM) developed by Svensson
(1999); Smets (1999) and others. This represents the behavior of the
macroeconomy in terms of three variables: inflation (z,), the gap
between output and its inflation-neutral level (g,) and a policy interest
rate like the Fed Funds rate (r). This provides a basic dynamic
description of an economy in which the central bank implicitly targets
inflationusinga‘ Taylor rule’, which determinesthe policy rateinterms
of inflation and the output gap. Early macro-finance papers (Ang and
Piazzes (2003)) revealed that the CBM provides a good description of
the behavior of short termyields but that alatent variable known asthe
‘financial factor’ has to be added to explain long term yields.
Consequently, my model employs the three macroeconomic variables
of the CBM with two sets of 1ags, together with asingle latent variable
representing the financial factor. This gives a total of N = 10 state
variables. The financial factor is backed out from the yield model asa
linear combination of the 9 observable variables and the 15 year yield.
| depart from the macro-finance literature in assuming that both the
mean values and variances of the system are linear in the financia
factor. Thismeansthat theyield curve is determined by the square root
volatility model of Cox et al (1985). To handle quarterly economic data
I employ the discrete time version of this model developed by Sun
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(1992). In order to ensure that the variance structure remains
non-negative, | also employ ‘admissibility’ restrictions similar to those
proposed for the continuous time model by Dai and Singleton (2002).
Thisisthe analogue of the (EA,) yield factor model developed by Dai
and Singleton (2002) and Dai and Singleton (2002), which asthey say:
“builds upon a branch of the finance literature that posits a short-rate
processwith asinglestochastic central tendency and volatility’ . Despite
the extensive use of stochastic volatility models in theoretical and
empirical finance papers and the evidence of heteroscedasticity in
macroeconomic and asset price data this is the first macro-finance
model with this feature. Finally | follow the conventiona finance
approach in assuming that the one-period yield or ‘ spot rate’ relevant to
the term structure (1y,,) isalinear combination of the state variables
and not necessarily equal to the ‘policy’ interest rate (r,) generated by
the macro model. These innovations significantly improve the
explanatory power of the macro-finance model and provide further
insights into the working of the US economy and bond market.

The paper is set out along the following lines. The next section
develops aVector Auto-Regression (VAR) model of the economy and
section 111 shows how this can be used to derive an affineterm structure
under the no-arbitrage assumption. Section IV then compares the
performance of my models against the standard macro-finance model
and discusses the implications for the economy and bond market.
Section V offersabrief conclusion.

[1. The Macroeconomic Framework

My model representsthe behavior of the macroeconomy intermsof the
annua CPI inflation rate (), output gap (g,) and the 3 month Treasury
Bill rate (r,). These form the vector z = {=, g, r} of macroeconomic
variables. This T-hill rateischosen asthe ‘policy rate’ in preferenceto
alternatives like the Federal Funds and Euro-dollar rates sinceit has a
3 month maturity and is default free, likely to make it more relevant to
aquarterly model of the Treasury market. Inaddition, X, representsthe
financial factor. Thisisassumed to follow thefirst order autoregressive
process:
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X1 = 0+ gxlt +W i (1

where w,,, is an equation residua or error defined in the next
subsection and z is driven by the L —th order difference system:

Z =K+ PoX, + Z:_:1¢' Ziat T Worn @)

where W, isan error vector. These are decomposed into components
that are related to w;, and an orthogonal component 7,

Wy g =HW,, + Gy (3)

This system is consolidated by defining x ={x,,Z }'; W =

!

(W, W, } s o ={w,,7}; andcombining(1)and(2),togiveanL-th
order difference system for n stochastic variables:*

xt+1 = Szt+1 + Vvt+1 (4)

L
where: R , =K+ Z,Zlﬂxtm

0 (10,
w=Iy; K= ; I'= ur
K HG

and:

0 00, ]
le[ é 1,3} T, :{0 Bl1=2..,L
DO, D, 51 @y

In this paper, ahat over any variablelike &, indicatesits conditional
expectation in the previous period. The yield model employs the state
spaceform, obtained by arranging thisasafirst order difference system
describing the dynamics of the state vector (see appendix 1):

1. Inthispaper, Diag{y} representsamatrix with thevector yin thediagona and zeros
elsewhere. 0, isthe (a x 1) zero vector; 1, isthe (a x 1) summation vector; 0, the (a x b)
zero matrix; |, the &2 identity matrix. and I, an a2 matrix with onesinthefirst b elements of
the leading diagonal and zeros el sewhere.
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X, =0+dX, , +W, 5)

where X, ={x,% ,...,z{fL}' i the state vector, W, = C.{W 'O:I_,N—n},
and ©, ¢ & C are defined in appendix 1. X, has dimension N = 1+3L =
10. Similarly, writing X, :{xlyt,x;,t} and partitioning W, ©, ®, C
conformably (see appendix 1), (5) becomes:

|:X1,t+l:|:|: 0 :|+|: § O'Nl:||:xl,t:|+|:vvl,t+l:| (6)
X2,t+1 ®2 @21 (DZZ X2,t W2,t+1

The macroeconomic datawere provided by Datastream and are shown
in figure 1. z, is the annual CPI inflation rate and r, the 3 month
Treasury Bill rate. The output gap series g, is the quarterly OECD
measure, derived from a Hodrick-Prescott filter. The yield data were
taken from McCulloch and Kwon (1991), updated by the New Y ork
Federal Reserve Bank.? These have been extensively used in the
empirical literatureontheyield curve. The 15 year yield (thelongest for
which a continuous seriesis available) is used in equation (16) below
to identify the financial factor. The 1,2,3,5,7, and 10 year yields are
modelled as dependent variables. The macroeconomic data dictated a
quarterly time frame (1961Q4-2004Q1, a total of 170 periods). The
quarterly yield data are shown in figure 2. The 15 year yield is shown

at the back of the figure, while the shorter maturity yields are shown at
the front.

A. The Sochastic Sructure

The standard macro-finance model assumesthat the volatility structure
is homoscedastic and Gaussian: W, ~ N(0y,Q). However,
conventional finance model susually assumethat vol atility isstochastic.
In the affine model developed by Duffie and Kan (1996) and Dai and
Singleton (2002), conditional heteroscedasticity in the errorsisdriven
by square root processes in the state variables. In the ‘admissible’
version of this specification developed by Dai and Singleton (2002),

2. | am grateful to Tony Rodrigues of the New Y ork Fed for supplying a copy of this
yield dataset.
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FIGURE 1.— Macroeconomic variables

Note: CPI Inflation and 3 month T-bill interest rate are from Datastream. Output gap isfrom
OECD.

regularity or admissibility conditions are imposed to ensure that the
variance structure remains non-negative definite. Variationsin the risk
premiadepend entirely upon variationsin volatility in these models. In
the ‘Essentially Affine model of Duffee (2002) state variables can
affect risk premiathrough the price of risk aswell asthrough volatility.
In the notation of Dai and Singleton (2002) an admissible essentially
affine model with N state variables and m independent square root
factors conditioning volatility is classed as EA ., (N). Thusthe standard
macrofinance model (which is‘essentially affine’ and homoscedastic)
isdenoted EA(N). Theremay in general be several stochastic volatility
terms, but in this paper | assume that m = 1 : stochastic volatility is
conditioned by asinglevariable x,, that followsadiscretetime process
represented by (1) with:

Wit = ul,t+1\/510 + 511)(1,t : (7

whereu, .,; isastandardized normal i.i.d. error term. Setting d,;, = 0;
>0givesmy Vasicek (1977) equivaent EA, model. Setting d,, > 0; 6,
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FIGURE 2.— US Treasury discount yields

Note: US Treasury discount bond equivalent yield data compliled by McCulloch and Kwon
(1990) updated by the NY Fed.

= 0 givesthe discrete time Cox et al (1985) equivalent specification of
Sun (1992) and Campbell et al (1996). In this model, volatility
disappears as X, falls to zero and with 6 > 0, mean reversion helpsto
ensure that x,,,; > 0. This means that the probability of a negative
value of variance term isvery small and goes to zero in the continuous
time limit. If 6,5 # O the model generalizes to that of Duffie and Kan
(1996). Inthismodel volatility disappearsaso,, +J,, X, fallsto zero and
X, fals to X, = (-) d,/d,,. Provided that 6 > (1 — &)X, then mean
reversion meansthat the probability of anegativevalue of varianceterm
(i.e. the probability that x, falls below x.;,) is very small. Thisis the
basic specification of my EA; model.

InEA,, thisfinancial factor also conditionsthevolatility of theother
variables. Substituting 7, = su,, into (3), where u,, is a vector of
standard normal normal i.i.d. error terms:

W1 = HV\ﬁ,t+1 + Gstuz,t+1 (8)
where;

E [uz,ul\’\ﬁ,tﬂ] = 03;
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s = Diag {(520 + 0%, )2 ) ---'(540 + 041X )2}

and dy,, 6;; > 0,1 =2, 3, 4 and the componentsof u, ., are standardized
normal variables. It follows from (4) that:

Uq ~ N(OmAt)' Wi ~ N(OmrAtr')’ (9)

where: A, = Ag + Ay X A; = Diag{dy, ..., 64}; ] = 0,1. The stochastic
structure for (6) is described in appendix 1. To make the EA; model
admissible in the sense of Dai and Singleton (2002), the estimation
program checks that:

8o/ 8 > 0,18, =234 (10)

ensuring that d;, + d; Xmin > 0. This keeps the elements of s and hence
the variance structure non-negative. One implication of thisrestriction
isthat d,;; 1 = 2, 3, 4 must go to zero with d,, making the structure
entirely homoscedastic.

[11. TheBond Pricing Framework

The aim of this paper is to use this framework to model the
macroeconomy and theyield curvejointly. The macro model isdefined
under the state probability measure P, but assets are priced under the
risk neutral measure Q. Thisadjuststhe state probabilitiesin such away
that all assets have the same expected return.

A. The Pricing Kernel

Discount bond prices are obtained using the pricing kernel (Campbell
et a (1996), Cochrane (2002)):

Pr,t = exp{_yl,t} E[Q [ PT—l,tJrl]

= E[[Mt+1pr—1,t+l]; r=1...M. 11
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where P, is the t-period price and EP denotes the conditional
expectation under the risk neutral measure Q. M, is the nominal
Stochastic Discount Factor (SDF) which changes the probability
measure from P to Q and applies the time discount using: y,, . Thisis
known as the ‘spot rate': the one-period yield relevant to the term
structure and is assumed to be a linear combination of the state
variables:

Yii = jlxl,t + Jéxz,t' (12)

whereJ,isa9 x 1 vector. Following the conventional finance approach,
these can consist of 9 freely estimated weights. In the standard
macrofinance model these weights are restricted to pick out the current
vaue of the policy interest rate r, from the state vector
(yLt == J;szt) by setting the third element of J, to unity and the
other weights to zero. Tests of this restriction are reported in the next
section.

Thelogarithmof theSDFism,; = —( &, + Yy + AW 1 + Ao U2 01)
where 4, isascalar and 4,, a3 x 1 vector of coefficientsrelated to
the prices of risk associated with shocksto z,, . For theyield model to
be affine these coefficients must also be affinein the state variables. So
for example, thevariable 4, showsthepriceof risk associated withthe
financial factor, which plays an important role in this analysis and is
specified as:

il,t =Aot ﬂ‘llxl,t' (13)

If this is zero, then a portfolio that is constructed so that it is only
exposed to shocksin X, has a zero risk premium and is expected to
earn the spot rate. If itisconstant 4, = 4, , then variationsin thisrisk
premium depend only upon variations in volatility, such as those
induced by x,, iINEA,. Thisparameter playsthekey rolein that model.
If 1,, is also non-zero then this factor can influence the risk premia
thorough variations in the price of risk, even if volatility isfixed asin
EA,, s0 1, playsthekey rolein that model. Appendix 2 shows how the
pricesof risk associated with the other variablesare adjusted, following
Duffee (2002).
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B. Affine Yield Models

Appendix 2 shows that these specifications generate an exponential
affine bond price (affine yield) model:

P.=exp[-7,-¥.X,]; 7=1..,M. (24)
where ¥, is partitioned conformably with (6) as ¥, :{V/LT,‘P’ZT}'.
Takinglogs, reversing sign and dividing by maturity = givesthediscount
yield:

Y. =—P. /7 (a5)

:ar+ﬂ1'xt +e1t

L
=a + Ll D, Priza e,

where: a, =y, / 7, ., =¥,/ r; and e, is an i.i.d. error. The slope
coefficients of the yield system g, are known as ‘factor loadings.” The
standard assumption is that e, represents measurement error which is
homoscedastic and orthogonal to the errors W, in the macroeconomic
system (5).

Following the yield factor approach, | assume that the 15 year (60
quarter) maturlty yield g, is measured without error: yg, = ag, +
BeooXer + Z| P01 Z.1. - Thisalowsthefinancial factor to be backed
out from the system as:

X = ﬂgol,o ( Yoot ~ 80 Z:-:lﬂéo,l 21 ) (16)

Stacking (15) for the 1,2,3,5, 7 and 10 year maturitiesthat are modelled
gives amultivariate systemfor Y, ={V,, Yay» Yiz1s Yaors Yass Yaouo) -

Yo=a+ Sk, + > Bz +E; (17)

& ~N(0,P); P=Diag{p, s P}
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This defines the yields in terms of the current state vector. The
conditional expectation for the next period can be written using (4) as:

Yeur = Soa T Uiig (18)
L '
Whae yt+l =a+ B Sz(+]_ + Z|:2ﬂ| Z(+2—|

U, =Bl o+, B=[AA]
Since the macro errors are heteroscedastic in EA,, sOis U,
U.; ~ N (O, BI'(Ay + A% )T'B') (19
C. Yield Model Coefficients

The coefficients of (14) are derived in appendix 2. These coefficient
systems are recursive in maturity. They are also recursive in the sense
that ‘¥, . does not depend upon v, ., (or y,_,). Thissub-structureis
standard and common to both models, as is the recursion for the
intercept term. The only difference between the EA, and EA, modelsis
found in the two recursion relationships for the first slope coefficient.
These are encompassed by the model:

: ' 1,
Vi, = (éQ + Jl)l/ll,r—l + ‘//2,171(1)21 - él//zrflzlq) 2,01

1 , 2
_éé‘ll(vll,r—l + '//z,r—lczl) r=1..,M. (20)

where: X, =C,,D.C,,; D, =Diag{{8,,....0,},0y 4}; i=01
The EA, model simplifiesthis by setting ¢,; (and hence Z,) to zero:

Vi = (fQ + jl)‘//l,r—l + l//é,r—lq)gl; r=1..,60. (21)
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where: E°=EX =54, O =D, —Y. Y isa9 x 1 vector in
which thefirst three elements are free parameters and the rest are zero.
If &%+ j; =1, then (21) hasaunit root and it can be shown that in the
limit the forward rate falls without bound as shown in appendix 2, a
problem originally pointed out by Campbell et al (1996).

The EA, model specifiesthefirst coefficient of (20) as; £° = &% =
& -0, - Itretainsthe quadratic terms, which show the Jensen effects
implied by the square root volatility specification. As Campbell et a
(1996) note, this means that y, . and hence the forward rate have well
defined asymptotesevenif £ + J; =21. Thismakesit more suitablefor
use with data sets such asthe one used in this research that exhibit unit
or near-unit roots.

The other slope coefficients are common to both modelsand follow
the standard recursion:

lPZ,r = (CDSZ )' le,Tfl +J (22)

(1-(o2)) [1~{(@2)) )

where: @S, =®,, — A,,. | assume that the roots of this system are
stable under Q, so this has the asymptote:

, -1
T;:Iimr—wolPZJZ(l _((Dgz)) J. (23)
The intercepts follow another standard recursion:
! Q Q 1 ' 1
Ay, =y, —7,2=Y,, 05+, 07— é‘Pz,r—lzolyz,r—l 92 (24)

510[‘//1,171‘%@//;,171021]2; 7=2,...M.

where: 6% =0-6,,4, ©3=0,—F;. In EA, there is a restriction
across % =¢-6,4, and 0% =60-5,4, because 1, then



Macro-Finance Model of the US Treasury Market. 13

determines both coefficients given &, 0, 6,;, 6,0, M1 enforces this
restriction. The encompassing model M2 relaxes this restriction and
defines #° as a free parameter defined independently of the other
parameters.

V. Model Estimation and Evaluation

Themacro (5) and yield (18) models are estimated j oi ntly by maximum
likelihood. Appendix 3 derivesthelikelihood function and describesthe
numerical optimisation procedure. Table 1 provides some basic
summary statisticsfor thesedata. Preliminary work designed to estimate
the dimensionality of themodel estimated OL Sregression equationsfor
the inflation rate (), the output gap (g); and the 3-month Treasury bill
discount rate (r) using Yg, as a proxy for x. This system was
estimated for L = 2, 3, 4 and 5 lags, with both homoscedastic and
heteroscedastic error structures and the results suggested the use of a
three-lag model. This gives a vector X, of ten state variables (i.e. X,
and current and two lagged values of z).

| began by estimating the standard macro-finance model EA(10).
Thisishomoscedastic and identifiesthe one period yield with the T-bill
rate: y,, =T, . With this dynamic structure it has 62 parameters’. The
empirical version of this model is called MO and has a loglikelihood
value of 590.7 Model M1 is the empirical version of the equivalent
EA,(10) specification. This uses another 4 parameters (for A,(4)) but
saves one degree of freedom by using the restriction A,; = 0. It has a
loglikelihood value of 640.7. Model M2 rel axesthisrestriction and thus
encompasses both M0 and M 1. It employs atotal of 66 parameters and
hasaloglikelihood value of 641.3 A standard likelihood ratio test of MO
against M2 gives a y*(4) value of 101.2, providing a decisive rejection
of that model (the probability of observing this by chance is almost
zero). However, M1 is acceptable (¥%(1) = 1.2; p = 0.027). Finally, |
tested the standard macro-finance restriction: y,  =r, by treating the 10
coefficients of J as parameters to be estimated. This gave a significant
increase in fit in all these models. However, only two of these

3. Theseare: 6; & x(3); Do(3); @4(9); ©(9); ©5(9); G(3); H(3); Aig; Ars; Ano(3); An(3);
Ayy(9) and A(4).
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parameters were statistically significant, those attached to the financial
factor ( J,,) andthe T-bill rate (J;). Adding theseto model M1 givesmy
preferred specification M3. Thishas 67 parameters and aloglikelihood
of 648.3, revealing asignificant improvement upon M1 (¥*(2) = 15.0; p
= 0).

These tests strongly support the stochastic volatility hypothesis:
introducing the 4 conditioning parameters of A, dramatically increases
the likelihood. This parallels the results of Duffee (2002) and others
using the conventional yield-factor model. This modification has two
effects (@) it introduces quadratic Jensen termsinto theyield coefficient
associated withthefinancial factor (20) and (b) it allowsfor conditional
volatility in the data. Theoretically, these two effects are inextricably
linked becausetheyield structure dependsupon the stochastic structure.
However, it is possible to analyze themseparately. Table 2 reports the
R? statistics associated with the 10 equations of M1, M1 and M3,
showing that these models have similar prediction errors despite the
guestionable mathematical properties of the MO yield specification.
These areonly marginally higher in M3 thanin MO. Thisis perhaps not
surprising since these models are al linear in variables and the
macro-dynamic structures are identical. Their estimated coefficients,
(both the macro parameters and the factor loadings) are numerically
very similar. In fact, the main reason why the likelihood of the EA;
models are so much higher is because of effect (b) they allow for
conditional volatility in the data, damping the effect that large residuals
haveonthelikelihood value as explained in the next section. Thisresult
again parallels that of Duffee (2002) for the conventional model. In
other words, the information that the estimation procedure uses to pin
down the A, parameters comes largely from the heteroscedastic
behavior of the data rather than the behavior of the yield curve itself.

I now look at the empirical resultsin detail. The parameters of MO
and M3 are set out in Tables 3, 4 and 5. These are generaly well
determined, although as we would expect in VAR-type analysis, some
of the off-diagonal dynamic coefficients are insignificant. As in
previous studies of essentially affine yield structures, many of the
risk-adjustment parameters are poorly determined. Since the macro
parameters and factor loadings for the alternative specifications are
similar, | focus on the EA; model and in particular theinsightsit yields
into the stochastic volatility structure.
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TABLE 4. Variance structures (asymptotic t-valuesin parentheses)

Parameter MO M1 Parameter MO M1

Ao A,

dio 156567 x 10° 6.9077 x 10°  §,; 3.1310 x 1077
(8.04) (0.99) =) (2.75)

Jx0 1.70580 x 10® 2.5990 x 10*  §,, 2.3277 x 10°®
(5.07) (1.99) =) (317)

J30 3.1768x10° 8.9370x 10° 6, 3.5395 x 10°°
(5.94) (2.77) ) (3.33)

Jao 45083x10° 1.4825x10° 6, 7.0130 x 10°®
(4.67) (1.21) =) (4.9

G H

On 0.18823 0.13631 h, -0.06003 -0.04001
(6.21) (1.88) (0.2) (0.12)

On 0.33294 0.23055 h, 0.16733 0.13103

(10.12) (3.83) (10.12) (4.35)

Os 0.14805 0.05401 h, -0.16462 -0.24268

(9.12) (8.08) (4.12) (5.93)

A. The Sochastic Sructure

At the core of this model there is an autoregressive system (5)
determining the macro-dynamics. The novelty here is the introduction
of squareroot volatility effectsinto thisstructure. Thetimevariationin
volatility is driven by the financial factor X, inferred from (16):

X, =—0.005465 + Y, —0.018697,— 0.09208, — 0.20833r,
(6.02) (051)  (238)  (455)

—0.002377, ,+0.04486g, ,+0.01857r, ,+ 0.01814r, ,
(0.36) (1.64) (1.98) (0.55)

+0.06098g, ,- 0.06762r, ,
(1.42) (3.33)

This factor is dominated by the current value of the long bond yield,*

4. Themodelsof risk premiadevel oped by Glosten et al (1993) and Scruggs (1998) are
similar in this respect. The first conditions volatility on the yield gap and the second on a
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B

Thefinancia factor is backed out fromthe 15
16 year yield and dominates thelong end of the
yield curve. Theinplicit 3 nonthyieldis
estimeted as 0.92 times the T-bill rate plus

“ 0.12 times this factor, and domi nates the short
end. These estimetes are fromthe preferred
specification, model M3.

1962 1964 1973 1982 1991 2000

FIGURE 3.— Palicy rate (r), one period yield (y,) and financial
factor (x,)

which dominates the behavior of the long end of the yield curve. The
short end of the curveisdominated by theimplicit 3 month yield which
isestimated as y, , = 0.92r, +0.12x, , . Thefactor loadings are reported
infigure7. Thisshows how theloading onthe T-bill rate (r,) decaysand
that on the financial factor ( X, ) increases with maturity in M3. These
three rates are depicted in figure 3.

The dynamic properties of the model are dominated by the
autoregressive coefficient associated with X, , whichis close to unity
under both measures. Solvingthemodel conditional upon x,, showsthe
steady state effect of a permanent percentage point increase in X,
would be to raise the steady state rate of inflation by 0.448, the T-hill
rate by 0.822 and the 15 year rate by 1.038 points, implying arisein
both the real rate of interest and the risk premium. Consequently it
seems to reflect expectations about both underlying inflation and real
interest rates.

The M3 model estimates of the financial factor are shown in Figure
4(a). This shows the one-period ahead expectation along with the 95%
confidence interval computed from the one-period ahead conditional
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12

FIGURE 4(a).— Variability of thefinancial factor (One step ahead
estimate and 95% confidence interval)

volatility.” Thisinterval risesswith x,, during the 1970s and after that
both subside. This factor also drives the volatility in the other model
variables. The one-quarter-ahead forecast values and 95% confidence
intervals for the three macro variables and the 5 and 10 year yields are
shown in figures 4(b)-(e). The effect of stochastic volatility is
particularly pronounced inthe case of the T-bill rate, consistent with the
finding in univariate models (Chen and Scott (1993), Ait-Sahaia
(1996), Stanton (1997) and others). Itsvarianceislow over thefirst four
years and last two years of the estimation period, consistent with the ex
post stability of interest rates over these periods (figure 4(d)). These
fluctuationsin volatility are a very important factor in explaining the

superior performance of the EA, models. That isbecausethelikelihood
function (42) normalizes the squared prediction errors in the sum of
squares by the conditional variances, asin E((22) of Duffee (2002). In

M 1-M3 these variances depend upon *.t and this helps to reduce the

5. Theseintervals are computed as 1.96 times the standard deviations implied by the
square roots of the conditional variances (9) and (19).
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FIGURE 4(b).— Inflation variability (One step ahead estimate and
95% confidence interval)

impact of the large errors that tend to occur when this is high.
Consequently the likelihood is much higher than for the constant
variance model MO, even though the un-normalized R? and RM SEs of
the macro and yield forecasts of these models are similar.

This effect can be seen using a simple two-stage OL S method. That
is because the conditional means and variances are linear in the
financial factor, which can be approximated by the (lagged) 15 year
yieldrg,. Using thistofirst explain itsown conditional mean, werunthe
first stage OL S regression (using my 1961-2004 data set):

Yeors1 = 6.11x107+ 0.9678 g .+ Wi .,
(1.68) (51.98)

We then use Yy, to explain the conditional variance, represented by

the squared first-stage residuals. This gives an approximation to the
volatility equation (7):
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-12

FIGURE 4(c).— Output gap variability (One step ahead estimate
and 95% confidence interval)

WA, . =-1.61534x10" +0.13142
M7 (3.68) (5.86) Yoo

The slope coefficient in this regression suggests that conditional
volatility is very significant statistically.

B. The Dynamic Structure

How firmly doesthefinancial factor anchor inflation and interest rates?
This question depends upon whether they are co-integrated with the
non-stationary nominal factor x, . Thiswas checked by running ADF
tests on the residuals of these equations, which decisively regect
nonstationarity. The macro variables adjust surprisingly quickly and
smoothly to their equilibrium values (conditional upon X, ). Thisis
clear from the impulse responses, which show the dynamic effects of
innovations in the macroeconomic variables on the system. Because
these innovations are correlated empirically, | use the orthogonalized
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A
1962 1967 1974 1981 1988 1995 2002 " -

FIGURE 4(d).— Variability of T-bill rate (One step ahead estimate
and 95% confidence interval)

innovations obtained from the triangular factorization defined in (4).
The impul se responses show the effect on the macroeconomic system
of increasing each of these shocks by one percentage point for just one
period using the Wold representation of the system as described for
example in Cochrane (1997).

Thisarrangement is affected by the ordering of the macro variables
inthevector x, makingit sensibleto order thevariablesin termsof their
likely degree of exogeneity or sensitivity to contemporaneous shocks.
The financia factor is assumed to represent exogenous expectational
influences, so this is ordered first in the sequence. This means that
independent shocks to inflation, output and interest rates can then be
interpreted as sudden shocks that are not anticipated by the bond
market. Following Hamilton (1994) inflation is ordered before the
output gap, on the view that macroeconomic shocks are accommodated
initially by output rather than price. Interest rates are placed after these
variables on the view that monetary policy reacts relatively quickly to
disturbancesin output and prices. Thusthevariableorderingis. x, ; z;
g, and r,. This means that shocks to the financial factor (v,) disturb all
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FIGURE 4(e).— Variability of 10 year yield (One step ahead
estimate and 95% confidence interval)

four variablescontemporaneously asindicated by thefirst column of the
matrix I' shownin (4), independent shockstoinflation (v,) affect output
and interest rates but not the financial factor, and so on.

Figure 5 shows the results of this exercise. The continuous line
shows the effect of each independent shock on the T-bill rate, the
broken line the effect on inflation and the dotted line the effect on
output. Elapsed time is measured in quarters. Panel (i) showsthe effect
of ashock to the financia factor (v,). This could reflect an increase in
the bond market’ s expected rate of inflation or the underlying real rate
of return in the economy. Output and the T-bill rate increase
immediately, but inflation does not, meaning that real interest rates
increase initially. The financial factor acts as a leading indicator for
inflation, which peaks after three years.

Panel (ii) showsthe effect of an independent shock to inflation (v,),
essentially an inflationary impulse that is not anticipated by the bond
market. The initial effect on the T-hill rate is only about a quarter of a
point, so real interest rates fall. However, output falls back, reaching a
trough after falling by 0.8% after two years, reflecting real balance and
other contractionary inflationary effects. Thefall inoutput hastheeffect
of reversing therisein inflation, setting up cyclesin these variables. In
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(i) Financia factor (f) (i) Inflation ()
% response ¥ response
1
0.75 N
051/, N
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0.25 '/ \
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-0.5 .o-
(iii) Output gap (9) (iv) T-bill rate (r,)
Key - effectson:
————inflation esesse QUtpUL —— T-hill rate

FIGURE 5.— Model M3 macroeconomic impulse responses

Note: Each panel shows the effect of a shock to one the four orthogonal innovations (v,)
shown in (4). These shocks increase each of the factors in turn by one percentage point
compared to its historical value for just one period. Since x,, has a near-unit root, the first
shock (v,,) has a persistent effect, while other shocks aretransient. The continous line shows
the effect on the spot rate, the dashed line the effect on output and the dotted line the effect
on inflation. Elapsed time is measured in quarters.

contrast to the effects shown in the first panel, which are highly
persistent, the systemisclosetoitsinitial level after 10 yearsfollowing
this inflationary impulse. The other two panels show similarly fast
responses, with qualitative effects in accordance with macroeconomic
theory.

Theseresponses are reflected in figure 6, which report the results of
an Analysis of Variance (ANOVA) exercise. These figures show the
share of thetotal variance attributabl e to theinnovationsat different lag
lengths and are also obtained using the Wold representation of the
system as described in Cochrane (1997). They indicate the contribution
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FIGURE 6.— Model M3 Analysis of Variance

Note: Each panel shows the contribution to total variance of innovations in the orthogonal
shocks representing innovations in each of the four driving variables. Elapsed time is
measured in quarters.

each innovation would make to the volatility of each model variableif
the error process was started in the first period. Initially, the variances
of these variables are strongly influenced by their own innovations.
However theinfluenceof thelong bondinnovationsbuildsup over time,
particularly in the case of the T-bill rate, where this explains over half
of the total forecast variance after 10 years.

Figure 7 shows the factor loadings as a function of maturity
expressed in quarters. The first panel shows the loadings on r,
(continuous ling) and %, (broken ling). The spot rate is the link
between the macro model and the term structure. Recall thatin M3itis
estimated as Yy, =0.92r,+ 0.12x,. These regression weights
determine the first quarter Ioadlngs onr.and X, , while other factors
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10 & 20 &0

Financial factor, x,, (——-) and T-bill rater,(—)  Output g, (---+-) and inflation 7z, (— ——)

FIGURE 7.— Model M3 Factor loadings

Note: Thefactor loadings show the cumul ative effect (after three quarters) of changesin the
four factors on yields at different maturities

have a zero loading. The loadings on r, then tend to decline
monotonically with maturity, reflecting the relatively fast adjustment
process. This mean it acts like the ‘slope’ factor in the conventional
3-factor model. In contrast, the slow-moving nature of X, means that
its loading increases with maturity over most of this range, allowing it
toact asa'‘level’ factor. The next panel showstheloadingson z (dotted
line) and g (broken line).

Thelower right hand panel of Figure 6 decomposes the conditional
forecast variance of the5 year yield into the separate effects of surprises
to the four orthogonal shocks defined in (4). (ANOVA figures for the
7 and 10 year yields show a similar pattern.) Innovations in the three
macro have a modest contribution for near-term forecasts, but are
increasingly dominated by innovations in the long bond innovations.
This explains over 95% of the total forecast variance 10 years ahead.

V. Conclusion

Conditional volatility is a common feature of macroeconomic and
financial data and as Duffee (2002) and many others have shown, it is
important to allow for this when modelling the yield curve and
derivatives that are priced off this. My specification extends the new
macro-finance model to allow for conditional volatility, bringing it into
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linewith the conventional finance model. It isan EA ; specification that
conditions the central tendency and the variance structure of the model
on the financial factor, which is closely correlated with the long bond
yield. The likelihood of the new model is much higher than that of the
existing EA, macro-finance specification, even though the raw forecast
errors of the two models are similar. Aswas found to be the casein the
conventional yield factor model (Duffee (2002)) thisisbecausethe EA
model allowsfor conditional volatility inthefactorsdriving the system,
damping the negative effect that large residuals have on the likelihood
value. In practice then, the information that the estimation procedure
uses to pin down the parameters of my EA, yield model comes
indirectly from the behavior of the macroeconomic and latent factors
rather than the behavior of the yield curve itself.

My model can be seen as a modification of the conventional EA,
yield factor model of the bond market which replaces some of the latent
factors by macroeconomic variables. It shows that the stochastic
volatility identified by the conventional model is related to
macroeconomicvolatility. It can useathird-order dynamic specification
with large number state variables (10) in place of the conventional
first-order system because its parameters are estimated using by
macroeconomic as well as yield data. However, the behavior of the
yield curveislargely dictated by three factors: the financial factor, the
output gap and the T-bill rate. The model is consistent with the
traditional three latent factor US finance specification in this respect,
but aligns the last two factors with observable variables. This research
opens the way to a much richer term structure specification,
incorporating the best features of the macro-finance and conventional
finance models.

Accepted by: Prof. R. Taffler, Guest Editor, September 2008
Prof. P. Theodossiou, Editor-in-Chief, September 2008

Appendix 1: The State-Space Representation of the Model

Stacking (4) puts the system into state space form (5), where :

0 ={0,x,0y_4.}; (25)
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[ & Os - 05 05 ]
O, O, .. B, O .
®=|0; I, . 0, O, :[ c N—l}_
®21 ®22
_031 032 5 032 i

and wherethelast matrix partitions ® conformably with (6), so that ®,,
is(N=1) x 1 and @,, is (N —1)% Similarly:

1 01,3 01,6 l O/

C=|H G 04 { Nl}. (26)
0 0 0 C21 C22
6,1 6.3 62

where the last matrix partitions C conformably with (6): C,, is (N —1)
x 1and C,, is (N — 1) The error structure of (6) follows from (8) as:

W, =CoWi s +C»8U, (27)

U2,t+1 ~N (ON—l’ I N—1,3)

1

where: |, ; = Diag{1,,0,_,} and § = Diag {{(520 + X )21 e

1

(54o+541><1,t)2}10h_4}i Ujt={U,.0y4} . This implies the

conditional expectations:

E[ {exp[lPéU 2,t+1]} = exp{;[lp'zl N1y3lP2]}; (28)

E (P[5, ]} ~ep [ V381 18, | - e [ a5, .

where:
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2
S =Dy + %D, (29)

where: D, = Diag{{d,,....0,},0y_4}; 1=01.

Appendix 2: TheEA, and EA, Specifications

Thisappendix derivesthearbitrage-free bond price systemsfor the EA,
and EA, specifications. Substituting (6), (34) and (27) into (11), noting
that w,,, and U, ,, areindependent allowsthis to be factorized as:

Pr,t = Et [Mt+1Pz'71,t+l]

= eXp{_[a’t +YetV,at ‘//1,171(‘9 +EX, ) + \P'z,r71(®2 +DyX, +
®,,X,, )]} xE {expl:(‘P'Z’T_lszﬁ + Ay, ), U2,t+1:|}

x E{exp[(v/l,r—l + A+ \PIZ,r—lCZI)\N_L,Hl‘Xl,t} (30)
These errors are all Gaussian and are evaluated using (7) and (28):
P.= EXp{_[a)t tY TVt ‘//1,r—1(0 +EX, ) + lPZ,r—l(®2 + DX, +

1

® 22 X2,t )} + é(\P'Z,r—lCZZS + ArZ,t ) I N—l,3($cé2\112,r—1 + A2,t )

1 '
+ 5(510 + 511)(].,t )('//1,171 + A’Lt + IP2,11Czl)2}} (31)

In the case of a one period bond B, =exp{-y,,} , which gives the
initial conditions:

7n=0 Via= jl;\PZ,lz‘]é (32)
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and the restriction:

1, ., X
W, = E(Az,tl NERAOTE (510 + X, )Alzt )’

Substituting this and (29) into (31):
P.= EXp{_{Vr—l + Yt V/l,r—l(e +EX, ) + \PZ,r—l(®2 + D%, +Dy

Xy )} +W,, 1CuSA, + (510 + 010X )(‘//1,171 + \PIZ,T{LCZ].)ALI

1., 1
+ ETZT*].(ZO + lel,t )lPZ,z'fl + 5(510 + 511X1,t ) (33)

(V/l,r—l + LP'Z,z——1C21)2}

The price parameter systems are obtained by specifying the prices of
risk parameters. Following Duffge (2002) | definethe (N —1) x 1
deficient vector A,, =[4;,,0y_,] and writethelog SDF as:

My =0+ Y + A4 W g+ AUy (34)

and then assume:
ﬂ'.l.,t = ﬂio + /111)(14 + A12X2,t (39)
Ay =S§CuAy + SﬁlcéglAzlxl,t + Sﬁlcéél/\zzxz,t

where: A, and A, are (N—1) x 1 and A, is (N — 1) The elements of
thelast N —n rows of these matrices (and thelast N—n columns of A,,)
are zero. To aobtain an affine yield solution for the EA, model it is
necessary to assume: A, =0; A, =0,_,. To alow the EA, model to
encompass EA, | also assume that: A}, =0,_, for EA,, checking that
this was acceptable at the 95% significance level. Substituting these
formulae into (33):
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P.= eXp{_{Xl,t [‘//1,171(45 + - 511(/110 + A%, ) +W 1 (DPy — 2 Ay
1 ' 1 ’ 2
_A21 - 511/110(:21) - élPZ,r—lzl\PZ,r—l - 5511(‘//1,z—1 + ‘PZ,r—1C21)

+ [‘]é +W,, (P — Ay )]Xz,t + Yt (0~ Ooto)

/ 1y 1
+ W5 1(02 = ZoA g — S1046Car) — ?Pz,r—lzo\yz,r—l B 5510

(‘/’1;—1 + lIﬂz,r—lcm)z}}- (36)

For theEA; modelsM 1-M3, (20), (22) and (24) follow by setting 4, =
Ao and equating the coefficients of X; in the exponent with those in
(14). Inthiscase Y isinterpreted in terms of the risk parameters as
Y= (Z,A,0+Ay+034,Cy) . Setting dy, and X, to zero and equating
coefficients gives the parameter systems for the EA, model, including
(21). Inthiscase: Y = A, +5,04,C,, .(22) and (24) are shared with
EA,, where F = XA — 6040Cy

A. Forward Rates and Risk Premia
The 7 — period ahead forward interest rate is defined as
fz',t =Py~ Prage
fo=Vea—7.+ (‘//1,1+1 _l//l,r)xl,t + [le,Hl _\Pz,r] X, 7=1..,M
(37)
Therisk premiafollow by setting the price of risk parametersto zeroin

(36). Thisisequivalent to setting M., in(30) to exp{-y,,} andgives
the discounted expectation under P:

EXp[_yl,t ] E [Pz'—l,Hl] = eXp{_[7r—1 Yt ‘//1,r—1(0 +EX, ) +¥,
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1.
(®2 + (D21Xl,t + CD22X2,I )] + é\Pz,Fl(zo + Elxl,t)

1

2,7-1 + 2(510 + 511X1,t )(l//l,z'—l + lP'2,1'—lc:21)2 (38)

Y

The gross expected rate of return on az — period bond after one period
isthisexpectation E[P._,,,,] divided by its current price P, . Taking
the natural logarithm expresses this as a percentage return and
subtracting the implicit one-period yield y,, then gives the expected
excess return or risk premium:

Pry = logE, [ Pr—l,t+1] - IOg[ Prt] — Vit

=X [\P’Z,r—l(q)gl - chl) + ‘/’m—l(fQ - f)]

+ qj;,r—l(q)SZ - (Dzz) x2,t (39)
+\P,2,171(®§2 _®22)+V/1,171(9Q _H) (40)

(using (36) and (36)). The risk premia implied by model M3 for
representative maturities are shown in figure 8.

Appendix 3: TheLikelihood Function

This appendix derives the likelihood function and describes the
numerical optimization procedure. Becausethe macro and measurement
errors are assumed to be orthogonal, it shows that the likelihood of the
joint model is the sum of macro and measurement components. Using
(4) (9) and (18):

[Wt} - A{Ut} ~N(0,,:F,); where (41)
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10

10 year

FIGURE 8.— Risk Premiain model M3

, r o, A, 0,
F = ADA; A= ¥|:p = n |
BC I, O, P

so the loglikelihood for period t can be written as:

n+k

L =-"Kin(2r) - Tn(R )~ 2fuf v ]-{ﬂ @)

The Gaussian stochastic framework meansthat thislikelihood function
normalizes the one-period ahead squared prediction errors using the
oneperiod ahead conditional variancesin the usual way. However asin
E(22) of Duffee (2002) this function can be expressed in terms of the
macro and measurement errors using (41):

n+k

L =-"2 iz~ 2n(o) - eior | ] @
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n+k 19 1, .
:_?In(Zﬂ-)_izln(é‘iO-‘_Xl,t—lé‘il)_évt (Ao +X,8) 1Vt

1& 1,_
Y —“e'Ple.
221 n(p,)-4P"e

Summing thisover T periods gives the loglikelihood for the estimation
period:

n

L— _T(”;k)m(z;z)—;iiln(@o + Xl,tl@l)—;i'”(/%)

=1

T

1 ' - L
_ézvt (AO+X:L,t—lAl) th _E;q P lE%-

t=1

Sincethisisaquadratic in the (inverse) variances of the measurement
errors (p,, ---, Pg) 1IN (17) this can be concentrated in the usual way by
solving for their optimal values and substituting back. (This cannot be
concentrated with respect to the parameters of the macro variancessince
these also affect the factor loadings in the yield equations.) This
likelihood function was maximized using the FindMinimum numerical
optimization package on Mathematica. This program checks that the
admissibility restrictions (10) hold. It also eliminates observations for
which the parameter estimates and data return negative variances,
following Chen and Scott (1993). The estimates reported here include
all observations, with non-negative definite variance structures.
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